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Abstract
The ’t Hooft–Polyakov monopole solution in Yang–Mills theory is given new
physical interpretation in the geometric theory of defects. It describes solids with
continuous distribution of dislocations and disclinations. The corresponding densi-
ties of Burgers and Frank vectors are computed. It means that the ’t Hooft–Polyakov
monopole can be seen, probably, in solids.
1 Introduction
Important properties of real crystals such as plasticity, melting, growth, etc., are mainly
defined by defects of the crystalline structure which are called dislocations. Moreover,
many bodies posses a spin structure. For example, ferromagnets are also characterized by
the distribution of magnetic moments described by the unit vector field. This unit vector
field may also have defects (singularities) which are called disclinations. Description of
dislocations and disclinations in elastic media is a very active field of research for more
then one century because of its importance for applications (see, e.g., [1, 2]).
Real solids posses usually a crystalline structure and are often described by models
based on this crystalline structure especially at the quantum level. At the same time,
many properties of solids can be also described by the elasticity theory in the continuous
approximation. Discrete and continuous approaches complement each other, and are both
needed for our understanding of nature.
In this paper, we consider only continuous approximation. In this approximation solids
without dislocations are described by the displacement vector field within the ordinary
elasticity theory. The spin structure of solids without disclinations is described by the unit
vector field (n-field) satisfying appropriate field equations. In the presence of dislocations
and disclinations there as a problem: what variable are to be used? For example, real
solids posses many defects, and if we want to use continuous approximation for defect
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distributions then the displacement vector field and n-filed do not exist because they are
singular at each point. The geometric theory of defects is aimed to resolve this problem.
The idea of geometric theory of defects is simple. In the continuous approximation,
a crystal with a spin structure is considered as elastic media (manifold) with a given
metric and affine connection with torsion (the Riemann–Cartan geometry). As usual,
elastic deformations of media and distribution of the unit vector field are described by
the displacement and rotational angle vector fields. The absence of defects means that
displacement and unit vector fields are smooth. If they are not continuous then we
say that the media has defects. In general, there are two types of defects: dislocations
which are defects of elastic media itself (discontinuity of the displacement vector field)
and disclinations corresponding to discontinuities of the unit vector field. If defects are
absent, then geometry is trivial: curvature and torsion are zero. In the presence of defects,
geometry becomes nontrivial. Dislocations give rise to torsion and disclinations result in
nontrivial curvature. The physical meaning of torsion and curvature are surface densities
of Burgers [3, 4] and Frank [5] vectors, respectively, [6, 7]. The geometric theory of defects
allows one to describe single defects as well as their continuous distribution. For single
defects, torsion and curvature are zero everywhere except some points, lines or surfaces
where defects are located and where they have singularities. In the case of continuous
distribution of dislocations and disclinations, torsion and curvature become nontrivial on
the whole media, and instead of the displacement and angular rotation field we use tetrad
and SO(3)-connection as the independent variables. The advantage is that these variables
exist even in the absence of the displacement and unite vector fields.
The history of geometric theory of defects goes back to 1950s [8–11] when dislocations
were related to torsion for the first time. The review and earlier references can be found
in the book [12].
In the geometric approach to the theory of defects [6, 7, 13], we discuss the model which
is different from others in two respects. Firstly, we do not have the displacement and unit
vector fields as independent variables because, in general, they are not continuous. Instead,
the triad field and SO(3)-connection are considered as the only independent variables. If
defects are absent, then the triad and SO(3)-connection reduce to partial derivatives of the
displacement and rotational angle vector fields (pure gauge because torsion and curvature
vanish). In this case, the latter can be reconstructed. Secondly, the set of equilibrium
equations is different. We proposed the purely geometric set which coincides with that of
Euclidean three dimensional gravity with torsion. The nonlinear elasticity equations and
principal chiral SO(3)-model for the unit vector field enter the model through the elastic
and Lorentz gauge conditions [14, 15, 7] which allow us to reconstruct the displacement
and unit vector fields in the absence of defects in full agreement with classical models.
When a new model is proposed then one has to show how to obtain previous results
within new approach. A number of dislocations were described in the geometric theory
of defects and shown to be in agreement with the elasticity theory [7], which corresponds
to linear approximation. Therefore the geometric theory of defects does not contradict
experimental data in the domain where elasticity theory is valid. At the same time, the
geometric theory of defects have also different predictions, for example, for the deformation
tensor near the core of wedge dislocation. As far as we know, there is no experimental
confirmation or refutation of geometric theory of defects. So, the model is still under
theoretical development.
In this paper, we consider the possibility of physical interpretation of the ’t Hooft–
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Polyakov monopole solution [16, 17] in the geometric theory of defects. The famous ’t
Hooft–Polyakov solution in the SU(2) gauge theory interacting with the triplet of scalar
fields attracted much interest in physics and mathematics (for review, see, for example,
[18, 19]). The solution is static and spherically symmetric. Therefore, it reduces to
minimization of three-dimensional Euclidean energy expression which can be regarded
as the free energy expression in solid state physics. We consider the SU(2)-connection
components as the SO(3)-connection because their Lie algebras coincide, the triplet of
scalar fields being the source of defects. Moreover, we assume that the SO(3) group acts
not in the isotopic space but in the tangent space to space manifold R3. The metric of the
space remains Euclidean. So the ’t Hooft–Polyakov monopole corresponds to Euclidean
vielbein and nontrivial SO(3)-connection which give rise to nontrivial Riemann–Cartan
geometry of space.
So, the ’t Hooft–Polyakov monopole solution has natural interpretation in solid state
physics describing elastic media with continuous distribution of disclinations and disloca-
tions. We compute the corresponding densities of Frank and Burgers vectors.
2 Geometric theory of defects
In this section we give short review of the geometric theory of defects and introduce basic
geometric notions: triad field and SO(3)-connection. More details can be found in [7].
We consider a three dimensional continuous media described by a topologically trivial
Riemann–Cartan manifold. We use triad field eµ
i and SO(3)-connection ωµ
ij = −ωµji,
where Greek letters µ = 1, 2, 3 and Latin ones i, j = 1, 2, 3 denote world and tangent
indices, respectively, as basic independent variables. We assume that metric gµν :=
eµ
ieν
jδij = δµν is an ordinary flat Euclidean metric, but connection is nontrivial and
may have singularities on some points, lines, or surfaces.
The simplest and most widespread examples of linear dislocations are shown in Fig. 1
(see, e.g., [1, 2]). They are produced as follows. We cut the medium along the half-plane
x2 = 0, x1 > 0, move the upper part of the medium located over the cut x2 > 0, x1 > 0 by
the vector b towards the dislocation axis x3, and glue the cutting surfaces. The vector b
is called the Burgers vector. In a general case, the Burgers vector may not be constant on
the cut. For the edge dislocation, it varies from zero to some constant value b as it moves
from the dislocation axis. After the gluing, the media comes to the equilibrium state
called the edge dislocation, see Fig. 1a. If the Burgers vector is parallel to the dislocation
line, it is called the screw dislocation (Fig. 1b).
From the topological standpoint, the medium containing several dislocations or even
the infinite number of them is still the Euclidean space R3. In contrast to the case of
elastic deformations, the displacement vector in the presence of dislocations is no longer
a smooth function because of the presence of cutting surfaces where it jumps.
The main idea of the geometric approach amounts to the following. To describe
single dislocations in the framework of elasticity theory, we must solve equations for the
displacement vector with some boundary conditions on the cuts. This is possible for small
number of dislocations. But, with an increasing number of dislocations, the boundary
conditions become so complicated that the solution of the problem becomes unrealistic.
Besides, one and the same dislocation can be created by different cuts which leads to
an ambiguity in the displacement vector field. Another shortcoming of this approach is
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Figure 1: Straight linear dislocations. (a) The edge dislocation. The Burgers vector b is
perpendicular to the dislocation line. (b) The screw dislocation. The Burgers vector b is
parallel to the dislocation line.
that it cannot be applied to the description of a continuous distribution of dislocations
because the displacement vector field does not exist in this case at all because it must
have discontinuities at every point. In the geometric approach, we consider the triad field
instead of the displacement vector field which is introduced as follows.
Let a point of the medium has Cartesian coordinates yi in the ground equilibrium
state. After elastic deformation, this point has the coordinates
yi 7→ xi(y) = yi + ui(x), (1)
where ui(x) is the displacement vector field. We consider its components as functions of
final point position x.
In a general dislocation-present case, we do not have a preferred Cartesian coordinate
system in the equilibrium because there is no symmetry. Therefore, we consider arbitrary
global coordinates xµ, µ = 1, 2, 3, in R3. We use Greek letters for coordinates allow-
ing arbitrary coordinate changes. Then the Burgers vector for linear dislocation can be
expressed as the integral of the displacement vector∮
C
dxµ∂µu
i(x) = −
∮
C
dxµ∂µy
i(x) = −bi, (2)
where C is a closed contour surrounding the dislocation axis. This integral is invari-
ant under arbitrary coordinate transformations xµ 7→ xµ′(x) and covariant under global
SO(3)-rotations of yi. Here, components of the displacement vector field ui(x) are consid-
ered with respect to the orthonormal basis in the tangent space, u = uiei. If components of
the displacement vector field are considered with respect to the coordinate basis u = uµ∂µ,
the invariance of the integral (2) under general coordinate changes is violated.
In the geometric approach, we introduce new independent variable – the triad – instead
of partial derivatives ∂µu
i:
eµ
i(x) :=
{
∂µy
i, outside the cut,
lim ∂µy
i, on the cut.
(3)
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The triad is a smooth function on the cut by construction. We note that if the vielbein was
simply defined as partial derivatives ∂µy
i, then it would have the δ-function singularity
on the cut because functions yi(x) have a jump. The Burgers vector can be expressed
through the integral over a surface S having contour C as the boundary:∮
C
dxµeµ
i =
∫ ∫
S
dxµ ∧ dxν(∂µeνi − ∂νeµi) = bi, (4)
where dxµ∧dxν is the surface element. As a consequence of the definition of the vielbein in
(3), the integrand is equal to zero everywhere except at the dislocation axis. For the edge
dislocation with constant Burgers vector, the integrand has a δ-function singularity at the
origin. The criterion for the presence of a dislocation is a violation of the integrability
conditions for the system of equations ∂µy
i = eµ
i:
∂µeν
i − ∂νeµi 6= 0. (5)
If dislocations are absent, then the functions yi(x) exist and define transformation to a
Cartesian coordinates frame.
In the geometric theory of defects, the field eµ
i is identified with the triad. Next, we
compare the integrand in (4) with the expression for the torsion in Cartan variables
Tµν
i := ∂µeν
i − ∂νeµj − eµjωνji + eνjωµji. (6)
They differ only by terms containing the SO(3)-connection ωµj
i. This is the ground for the
introduction of the following postulate. In the geometric theory of defects, the Burgers
vector corresponding to a surface S is defined by the integral of the torsion tensor:
bi :=
∫ ∫
S
dxµ ∧ dxνTµνi.
This definition is invariant with respect to general coordinate transformations of xµ and
covariant with respect to global rotations. Thus, the torsion tensor has straightforward
physical interpretation: it is equal to the surface density of the Burgers vector.
If the curvature tensor for the SO(3)-connection
Rµν
ij := ∂µων
ij − ∂νωµij − ωµikωνkj + ωνikωµkj, (7)
is zero, then the connection is locally trivial, and there exists such SO(3) rotation that
ωµi
j = 0. In this case, we return to expression (4).
Next we give physical interpretation of the SO(3)-connection entering the expression
for torsion (6). To this end we consider more general solids possessing spin structure,
for example, ferromagnets or liquid crystals. The spin structure is the unit vector field
ni(x) (nini = 1). It can be described as follows. We fix some direction in the medium
ni0. Then the field n
i(x) at a point x can be uniquely defined by the angular rotation
field θij(x) = −θji(x) = 1
2
εijkθk, where ε
ijk is the totally antisymmetric tensor and θk is
a covector directed along the rotation axis, its length being the rotation angle. Here and
in what follows, Latin tangent indices are raised and lowered with the help of the flat
Euclidean metric δij . So,
ni = nj0Sj
i(θ), (8)
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Figure 2: Distribution of unit vector field in the x := x1, y := x2 plane for straight linear
disclinations parallel to the x3 axis, for |Θ| = 2pi (a) and |Θ| = 4pi (b).
where Sj
i ∈ SO(3) is the rotation matrix corresponding to θij and parameterized as
Si
j = (e(θε))i
j = cos θ δji +
(θε)i
j
θ
sin θ +
θiθ
j
θ2
(1− cos θ) ∈ SO(3) , (9)
where (θε)i
j := θkε
k
i
j and θ :=
√
θiθi. If the unit vector field is continuous then there are
no disclinations. Disclinations arise when the angular rotation field has discontinuities.
The simplest examples of linear disclinations are shown in Fig. 2, where the discontinuity
of the angular rotation field occurs on a half-plane cut from the x3 axis to infinity, and
the vector field n lies in the perpendicular plane (x1, x2).
A linear disclination is characterized by the Frank vector
Θi :=
1
2
εijkΘ
jk, (10)
where
Θij :=
∮
C
dxµ∂µθ
ij , (11)
and the integral is taken along closed contour C surrounding the disclination axis. The
length of the Frank vector is equal to the total angle of rotation of the field ni as it
goes around the disclination. For linear disclinations it must be a multiple of 2pi. In
the presence of disclinations, the rotational angle field θij(x) is no longer continuous, and
we must make some cuts for a given distribution of disclinations and impose appropriate
boundary conditions in order to define θij(x). In geometric theory of defects, instead of
the rotational angle field, we introduce the SO(3)-connection
ωµ
ij :=
{
∂µω
ij, outside the cut,
lim ∂µω
ij, on the cut.
(12)
in the way similar to the introduction of the triad field. Sure, we assume that the limits
on both sides of the cut exist and are equal. So the SO(3)-connection is less singular then
the rotational angle field by definition.
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Then the Frank vector for a surface S is given by the integral of curvature
Ωij :=
∫∫
S
dxµ ∧ dxνRµνij. (13)
If we have straight linear disclination with rotational symmetry, and vector n rotates
in the perpendicular plane, then the SO(3) group reduces to abelian SO(2) group, the
nonlinear terms in the curvature (7) disappear, and we return to the previous expression
(11) due to the Stokes theorem.
The previous discussion refers to an isolated disclinations. If there is a continuous
distribution of disclinations the curvature differs from zero everywhere, and the rotational
angle field θij does not exist. Disclinations are said to be absent if and only if the curvature
of SO(3)-connection vanishes, Rµνi
j = 0. In this manner, the geometric theory of defects
describes single defects as well as their continuous distribution, in which the phenomena
of disclinations is replaced by the notion of curvature.
3 ’t Hooft–Polyakov monopole
Let us consider three-dimensional Euclidean space R3 with Cartesian coordinates xµ and
Euclidean metric δµν , µ, ν = 1, 2, 3,. The spherically symmetric SU(2)-gauge fields Aµ
i,
i = 1, 2, 3, interacting with the triplet of scalar fields ϕi in the adjoint representation
minimize the three-dimensional energy [18, 19]
E :=
∫
d3x
(
1
4
F µνiFµνi +
1
2
∇µϕi∇µϕi + 1
4
λ
(
ϕ2 − a2)2) , (14)
where indices are raised and lowered by Euclidean metrics δµν and δij ,
Fµν
i :=∂µAν
i − ∂νAµi + AµjAνkεjki,
∇µϕi :=∂µϕi + Aµjϕkεjki.
(15)
– are the curvature tensor components for SU(2)-connection and the covariant derivative
of scalar fields; λ > 0, a > 0 – are coupling constants, εijk is the totally antisymmetric
tensor, ε123 := 1, and ϕ
2 := ϕiϕi.
The spherically symmetric ansatz is
Aµ
i =
εµ
ijxj(K − 1)
r2
, ϕi =
xiH
r2
, (16)
where K(r) and H(r) are some dimensionless functions on radius r :=
√
x2.
The Euler–Lagrange equations for functional (14) in the spherically symmetric case
reduce to
r2K ′′ =K
(
K2 +H2 − 1),
r2H ′′ =2HK2 + λ
(
H2 − a2r2)H. (17)
At present we know only one exact analytic solution to this system of equations for λ = 0
K =
ar
sh (ar)
, H =
ar
tanh(ar)
− 1, (18)
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which is called the Bogomol’nyi–Prasad–Sommerfield solution [20, 21]. It is easily checked
that this solution has finite energy.
The Lie algebra su(2) is isomorphic to so(3), and we can consider energy (14) as the
three-dimensional Euclidean functional for SO(3)-connection interacting with the triplet
of scalar fields ϕi in the fundamental representation. We assume, that this is the expression
for the free energy describing static distribution of disclinations and dislocations in elastic
media with defects, the triplet of scalar fields being the source of defects.
The Euclidean metric means that elastic stresses are absent in media. The Cartan
variables for monopole solutions are
eµ
i = δiµ, ωµ
ij = Aµ
kεk
ij = (δjµx
i − δiµxj)
K − 1
r2
, (19)
where we use the spherically symmetric SO(3)-connection (16). The curvature and torsion
are expressed through Cartan variables as usual by Eqs.(6), (7). In the considered case,
simple calculations yield the following expressions for curvature and torsion:
Rµν
k :=
1
2
Rµν
ijεij
k = Fµν
k =εµν
kK
′
r
− εµν
jxjx
k
r3
(
K ′ − K
2 − 1
r
)
, (20)
Tµν
k =
(
δkµxν − δkνxµ
) K − 1
r2
. (21)
In the geometric theory of defects, curvature (20) and torsion (21) have physical mean-
ing of surface densities of Frank and Burgers vectors, respectively. That is they are equal
to k-th components of respective vectors on surface element dxµ ∧ dxν . If sµ is normal to
the surface element, then there are the following densities of Frank and Burgers vectors:
fµ
i :=
1
2
εµ
νρRνρ
i =
1
3r
δiµ
(
2K ′ +
K2 − 1
r
)
− 1
r
(
xˆµxˆ
i − 1
3
δiµ
)(
K ′ − K
2 − 1
r
)
, (22)
bµ
i :=
1
2
εµ
νρTνρ
i = εµ
ij xˆj
K − 1
r
, (23)
where xˆµ := xµ/r and tensor fµ
i is decomposed into irreducible components.
For the Bogomol’nyi–Prasad–Sommerfield solution functions K(r) and H(r) are given
in Eq. (18). They have the following asymptotics
K
∣∣
r→0
≈1− (ar)
2
6
− (ar)
4
120
, K
∣∣
r→∞
≈2ar e−ar → 0,
H
∣∣
r→0
≈1 + (ar)
2
3
− 2(ar)
4
15
, H
∣∣
r→∞
≈ar − 1→∞.
(24)
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The corresponding asymptotics of Frank and Burgers vector densities are
fµ
i
∣∣
r→0
≈− 1
3
δiµ
(
a2 +
7
90
a4r2
)
+
2
45
xµx
i3a4 → −1
3
δiµa
2,
bµ
i
∣∣
r→0
≈− 1
6
εµ
ijxj
(
a2 +
a4r2
20
)
→ −1
6
εµ
ijxja
2,
ϕi
∣∣
r→0
≈1
3
xi
(
a2 − 2a
4r2
5
)
→ 1
3
xia2,
fµ
i
∣∣
r→∞
≈− xµx
i
r4
→ 0,
bµ
i
∣∣
r→∞
≈− εµijxj 1
r2
→ 0,
ϕi
∣∣
r→∞
≈x
i
r
(
a− 1
r
)
→ x
i
r
a.
(25)
It implies, in particular, that the total energy (14) is finite.
4 Conclusion
The geometric theory of defects is aimed for description of dislocations and disclinations in
the continuous approximation. It is well suited for description of single defects as well as
their continuous approximation. In the present paper, we consider media with Euclidean
metric but nontrivial SO(3)-connection. The ’t Hooft–Polyakov monopole solution is the
static spherically symmetric solution of SU(2) Yang–Mills theory. The isomorphism of
su(2) and so(3) Lie algebras implies that the ’t Hooft–Polyakov monopole may have new
physical interpretation in solid state physics. In contrast to the original model, the SO(3)
group acts now not in the isotopic space but in the tangent space, giving rise to nontrivial
torsion and curvature. These geometrical notions have physical interpretation as surface
densities of Burgers and Frank vectors, respectively, in the geometric theory of defects.
These are explicitly computed for the Bogomol’nyi–Prasad–Sommerfield solution. We are
not aware what kind of media is to be chosen for experimental observations and what
kind of experiment can be taken to confirm or disprove the geometric theory of defects
but the mere existence of such possibility seems to be interesting.
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